WONDERFUL VARIETIES: A GEOMETRICAL 
REALIZATION 



S. CUPIT-FOUTOU 

Abstract. We give a geometrical realization of wonderful vari- 
eties by means of a suitable class of invariant Hilbert schemes. 
Consequently, we prove Luna's conjecture asserting that wonderful 
varieties are classified by combinatorial invariants, called spherical 
systems. 
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Introduction 

Wonderful varieties are complex algebraic varieties which encom- 
pass De Concini-Procesi compactifications of symmetric spaces studied 
in |DP] and flag varieties: they are projective, smooth, equipped with 
an action of a connected reductive algebraic group G, spherical (they 
contain a dense orbit for a Borel subgroup B of G),... The unique closed 
G-orbit, the B- weights of the function field of a wonderful G- variety 
as well as its S-stable but not G-stable prime divisors are invariants of 
special interest; they are/yield some combinatorial invariants. 

After Wasserman completed the classification of rank 2 wonderful 
varieties ([W]), Luna highlighted in |Lu3] some properties enjoyed by 
such combinatorial invariants and took them as axioms to set up the 
definition of spherical systems. Luna's conjecture asserts that there 
corresponds a unique wonderful variety to any spherical system. This 
conjecture has been positively answered in case the group G is of sim- 
ply laced type ( |Lu3j IBP[ IBraj ) and for some other peculiar spherical 
systems ( |Lu4l IBC2] ) . The approach followed therein is that initiated 
by Luna in |Lu3] , it is Lie theoretical and involves case- by-case consid- 
erations: for a given spherical system of some group G, a subgroup H 
of G is exhibited and thereafter G/H is proved to admit a wonderful 
compactification with the desired spherical system. A full answer to 
this conjecture is known only for the uniqueness part of this problem: 
thanks to Losev's work (|Loj). the uniqueness holds true. 

Besides the combinatorial invariants, let us mention the total coor- 
dinate ring (known also as the Cox ring) of a wonderful variety, an 
algebro-geometric invariant introduced by Brion in [Bri4j. The struc- 
ture of this ring gives insight to the combinatorial invariants. Moreover, 
as shown in loc. cit. , this ring is factorial and finitely generated; the 
spectrum of this ring is the total space of a flat family of (normal) 
spherical varieties. As stated in |Lu4j , some of these families provide 
a nice geometric interpretation of Luna's parametrization (obtained 
therein) of the isomorphism classes of the so-called model spaces of 
some group G by the orbits of a "model" wonderful variety. 

As shown in [ABJ, families of closed G-schemes of a given finite 
dimensional G-module are parameterized by quasi-projective schemes, 
the invariant Hilbert schemes; a special feature of some of these schemes 
is that they allow to prove several results concerning spherical varieties. 
Connections with invariant Hilbert schemes and wonderful varieties 
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were clearly established in [Jj IBC1] : the invariant Hilbert schemes con- 
sidered there are proved to be affine and the corresponding universal 
families turn out to be the families occurring in Brion's work. These 
results were obtained by means of the already known classification of 
wonderful varieties of rank 1 (resp. of strict wonderful varieties) ( [A"] 
and also |Brilj . resp. |BC1] ). 

The problem of determining classification-free these invariant Hilbert 
schemes then arises naturally (see also |Lu4j for related questions). The 
main goal of this paper is to solve this problem; we study a suitable 
class of invariant Hilbert schemes by deformation theoretic methods 
in order to construct wonderful varieties. As a consequence, we shall 
obtain a positive answer to Luna's conjecture. 

The first two sections concern wonderful varieties (and more gen- 
erally spherical varieties) and spherical systems. In the first section, 
we make some brief recalls on wonderful varieties and some of their 
invariants; we state Luna's definition of spherical systems in the next 
section. We then attach to any spherical system of some group G a 
set of characters Xd = (wd,Xd) indexed by a finite set A. The u^'s 
are dominant weights of G defined after [F] and the Xd's are charac- 
ters of some well-determined diagonalizable group C. The characters 
ujd (resp. \d) encapsulate the first (resp. the third) datum of the 
spherical system under consideration. We end up the second section 
by recalling how wonderful varieties and spherical systems are related 
and by stating explicitly Luna's conjecture. Further, we shall give a 
geometrical interpretation of the characters Xjj. 

The third section is devoted to definitions and results concerning 
invariant Hilbert schemes; after [ABJ, we give a characterization of their 
tangent spaces and define a toric action on these schemes. We introduce 
also the functor of invariant deformations and give an interpretation of 
its obstruction space. 

In the fourth section, we settle our main results. Many geometrical 
properties of wonderful varieties can be read off spherical systems and 
vice versa ( |Lu3j ). This provides a natural dictionary which in turn 
allows many reductions to prove Luna's conjecture. In particular, it 
suffices to consider the so-called spherically closed spherical systems 
(Section 6 in loc. cit.). Given a spherically closed spherical system S 
of some group G, we consider the G:=Gx C°-module 

v = ® A v(\ D y 

where the weights Xd stand for the characters associated to S and 
V(\d)* for the dual of the irreducible G-module associated to Xd. We 
then study the corresponding invariant Hilbert scheme Hilb(iS). This 
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invariant Hilbert scheme contains in particular as closed point the G- 
orbit closure within V 

X (S) = G^ with < = v m x D 

DeA 

where v\ D denotes a highest weight vector of V(\d)*; Hilb(5) param- 
eterizes the G-subschemes of V whose coordinate ring is isomorphic as 
a G- module to that of Xq(S). 

In case of spherical systems with emptyset as third datum, the in- 
variant Hilbert schemes we are studying fall in the setting considered 
in [J1 IBC2] ; see Remark [22 for details. 

We then describe the tangent space at X (S) of Hilb(iS). We shall 
show that the second datum of the given spherical system S (the so- 
called set of spherical roots of S) is encoded in this tangent space. More 
specifically, generalizing the arguments developed in [BClj . we obtain 

Theorem 1. ( Corollary\£J\) The tangent space at X (S) o/Hilb(«S) is 

a multiplicity free module for an adjoint torus of G; its weights are the 
opposites of the spherical roots of S. 

Afterwards, we show that the invariant Hilbert scheme is smooth. 
This is achieved essentially by proving that the obstruction space of 
the functor of invariant deformations of Xq(S) is trivial (Theorem [25]) . 
As a consequence, we obtain the following statement. 

Theorem 2. (Theorem \2B\) The scheme Hilb(iS) is an affine toric va- 
riety for an adjoint torus of G; its weights are the opposites of the 
spherical roots of S. More specifically, it is an affine space A r . 

Consider the universal family of Hilb(iS) 

and let X uniY be the open subset of X umy defined as follows 

X univ = {xe X univ : G.x is open in 7r _1 7r(a;)}. 

There is an action of the algebraic torus = GL(V) G on X umv . This 
toric action stabilizes the set X nmv ; see Section 5.2. 

Theorem 3. (Theorem \29\) Let 

X{S) = i univ /G£. 

Then X(S) is a wonderful G-variety whose spherical system is the given 
S. Further its total coordinate ring is the coordinate ring of X nmv . 
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Combining the above result with Luna's reduction procedure, we 
conclude by proving that Luna's conjecture is true (Corollary I5U|) . 

The appendix can be read independently to the text body. In Ap- 
pendix A, we prove the following theorem 

Theorem 4. Let 

E(A) = S U {a + a' : a, a' adjacent simple roots in £} . 
Then (for i = 0, 1) 

fP(G % , V/g.vx) ~ (J) k w ^ as T^-modules. 

£(«,)=i, 7 e£(A) 

If w is of length 1, the one dimensional T^-module k wsel is spanned 
by X* <S> [wv 7 ] where w is the simple reflection associated to a with 
ae S\S P and^ + ae ZA. 

This theorem is used to characterize the tangent space at Xq(S) of 
Hilb(iS) as well as the obstruction space of the functor of invariant 
infinitesimal deformations of Xq(S). In Appendix B, we prove that the 
latter is in fact trivial. 

Acknowledgments . I am very grateful to Michel Brion for the interest 
he demonstrated for my work, through his help and advice. I thank 
also Dominique Luna for enlightening exchanges and Peter Littelmann 
for the support he provides me. 

Notation. The ground field k is the field of complex numbers. Through- 
out this paper, G denotes a connected reductive algebraic group. We 
fix a Borel subgroup B of G and Tc5a maximal torus; the unipotent 
radical of B is denoted U. The choice of B defines the set of simple 
roots 5* of G as well as the set A + of dominant weights. Recall that the 
latter parametrizes the simple G-modules; we denote as usual by V(X) 
the simple G- module associated to A G A + . The dual module V(X)* 
is isomorphic to V(— w (X)), w being the longest element of the Weyl 
group of (G,T). We label the simple roots as in Bourbaki ( |Boj ). 

The character group of any group H is denoted note that 

2(5) and H(T) are naturally identified. For any G T, e M refers to the 
corresponding regular function in k[T]. Given V any if -module and a 
weight jj, G S(iJ) of V, stands for the /i- weight space of V and V( M ) 
for the isotypical component of type V(n) (/i G A + ). 
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1. Wonderful varieties 

Throughout this section, G is assumed to be semisimple and simply 
connected. We recalled freely below notions and results concerning 
wonderful varieties; see |Lu3] and the references given therein. 

Definition 5. A smooth complete algebraic variety equipped with an 
action of G is said to be wonderful (of rank r) if 

(i) it contains a dense G-orbit whose complementary is a finite union 
of smooth prime divisors (i — 1, r) with normal crossings; 

(ii) its G-orbit closures are given by the partial intersections of the 
boundary divisors Di. 

Wonderful varieties are spherical (see |Lulj ). Furthermore, a G- 
variety is wonderful if and only if it is smooth, spherical, toroidal and 
contains a unique closed orbit of G (see |Lu2j ). 

Denote T>x the set of 5-stable but not G-stable divisors of a won- 
derful variety X. As usual, we call T>x the set of colors of X; this set 
yields a basis of the Picard group Pic(X) of X. 

Let H be the stabilizer of a point in the open G-orbit of X. Choose 
H such that BH is open in G and let p : G — > G/H be the natural 
projection. For any D e T>x, P~ 1 {D) is a B x if-stable divisor hence 
has an equation fr> in k[G}. The weights (u>d, Xd) of the fn's generate 
freely the abelian group 2(£>) x^ BnH ^E(H); see Lemma 3.2.1 in |Bri4j . 

Denote W the intersection of the kernels of all characters of H; H/ 
is thus a diagonalizable subgroup whose character group is 5 (if). Note 
that G/H^ is a quasi-amne variety which is spherical under the natural 
action of G x H/HK 

1.1. Combinatorial invariants. Retain the notation set up for a 
wonderful G-variety X. After Luna, we attach to X three combinato- 
rial invariants as follows. 

The (unique) closed G-orbit Y of X yields the first invariant, denoted 
5*^: this is the set of simple roots of G associated to the parabolic 
subgroup Px containing B and such that Y = G/Px- 

The second invariant is the set Sx of spherical roots of X defined 
as the following set {o~i, . . . ,<x r } of characters of T. Let Xb be the 
complementary in X of the union of the colors of X; it is isomorphic 
to an affine space. The character o~i is the opposite of the £>-weight of 
an equation /j (uniquely determined up to a non-zero scalar) in 
ofX B HA- 
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The third invariant is an integral matrix Ax- Let us index now the 
boundary divisors Di according to the spherical roots of X, we have 

[D a ] = a <Ti £,[D] in PicX for all a in Ex- 

Dev x 

Equivalently, regarding the equations fi as 5-weight vectors in the 
function field of X, we get 

0>°) = ^2 a <r,D( U DiXv)- 
DeV x 

The matrix Ax is then the matrix with coefficients the a Qj o's for a a 
simple root in Ex- In particular, when there is no simple root in Ex, 
the third invariant is taken to be the emptyset. 

1.2. Total coordinate ring. Let X be a wonderful G-variety and 
V = T>x be its set of colors. 

The following definition and results of this subsection are freely gath- 
ered from Section 3 in [Bri4j . 

Set 

G = G x G% 

with being the torus with character group Z v = Pic(X). 
Define the total coordinate ring of X 

R(X) = ® {nD)eZ T,H°(X,O x (J2 u dD))- 

Dev 

This is a Z^-graded finitely generated k— algebra. Further 

X := SpecR(X) 

is a spherical factorial G- variety. 

The canonical sections of the boundary divisors of X from a regular 
sequence in R{X) and generate freely the ring of invariants R(X) G . 

The principal fibers of the quotient morphism 

vr : X Spec(R(Xf) 

are isomorphic to the spherical G x H/H^- variety Spec (k[G/H^\) . 

Theorem 6. There is an isomorphism of G x T -algebras 

R(X) = ®xk[G/K} {x) e» 

where the sum runs over the dominant weights A of G and characters 
/i of T such that X — u. is a positive sum of spherical roots of X; the 
left-hand side is a subalgebra of k[G x T]. 
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1.3. Spherical varieties. Some of the invariants associated to a won- 
derful variety can also be assigned to any spherical variety X for the 
action of any connected reductive group G. In particular, one defines 
similarly the set of colours of a spherical variety. 

The set of spherical roots of X is defined as follows. Let if be a 
generic stabilizer of X. The set £x of spherical roots of X is defined 
as the set of spherical roots of the rank 1 wonderful G-varieties which 
can be realized as G-subvarieties of embeddings of G/H; see |Lu3j 

If in addition X is affine, there is another characterization of Ex- 
First, let us recall that the algebra k[X] of regular functions is multiplicity- 
free as a G- module, that is every simple G-module occurs in k[X] at 
most once. Denote S(X) the weight monoid of X, that is the sub- 
monoid of A + given by the highest weights of k[X]. Let A, fi and v be 
in S(X) and such that V{y) C V(X)V(jjl) - the product being taken in 
k[X]. The closure of the cone generated by the A + fi — v in S(T) ®% K 
is freely generated by a basis of a certain root system - the set S^; see 
Theorem 1.3 in [K] . 

2. Spherical systems 

Definition 7 ( |W[ ILu3j ). A spherical root is one of the following 
characters of T: a\ and 2a% of type Ai; a\ + a[ of type Ai x Ai; 
ai + 2ct2 + 0:3 of type A 3 ; ot\ + . . . + a n of type A„, n > 2; ot\ + 2a 2 + 3«3 
of type B 3 ; a± + . . . + a n and 2(cti + . . . + a n ) of type B n , n > 2; 
aii + 2a 2 + • • • + 2a„_i + a n of type C n ; 2a x + . . . + 2a n _ 2 + + a n 
of type D n , n > 4; a x + 2a 2 + 3a 3 + 2a 4 of type F 4 ; ai + a 2 , 2ai + a 2 
and 4ai + 2a 2 of type G 2 . 

This list is that of spherical roots of rank 1 wonderful varieties; see 
loc. cit. 

The set of spherical roots of G, denoted by is the set of spher- 

ical roots of rank 1 wonderful G-varieties. 

In the following, Supp/3 denotes the support of any f3 = n a a 
(where a G S), that is the set of simple roots a such that n a is non- 
zero. 

Definition 8 ( |BLj . 1.1.6). Let S p be a subset of 5 and a be a spherical 
root of G. The couple (S p , a) is said to be compatible if 

S pp (a) C S p C S p (a) 

where S p (a) is the set of simple roots orthogonal to o and S pp {o) is 
one of the following sets 

- S p (a) fl Supper \ {a r } if a = a\ + . . . + a r with Supper of type B r , 
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- S p (a) fl Supper \ {«i} if Supper is of type C n 

- S p (cr) fl Supper otherwise. 

Definition 9. Let S p be a set of simple roots of G, E a set of spherical 
roots of G and A a matrix with integer coefficients a^ Q . The triple 
(S p , £, A) is called a spherical system of G if 

(Al) A = (a± CT ) with a G E n 5 and a G E. 

(A2) < 1 for every a G E. Further if a a a = 1 then a G £ fl S. 
(A3) a+ CT + a~ )0 . = (a v , a) for any a G £. 

(El) (a v ,cr) G 2Z< for all cr G E \ {2a} and all a G 5 such that 
2a G E. 

(E2) (a v , a) = (/3 V , a) for all cr G E and all a, (3 G S 1 which are mutu- 
ally orthogonal and such that a + /3 G E. 
(S) The couple (5 ,p , cr) is compatible for any a G E. 

Definition 10. A spherical system is called spherically closed if none 
of its spherical roots a G E \ S is such that (5^, 2<r) is compatible. 

Example 11. A spherical system whose set of spherical roots contains 
the root a\ + . . . + a n of type B n is not spherically closed whenever its 
set S p contains the roots . . . , a n . 

2.1. Set of weights associated to a spherical system. The pur- 
pose of this subsection is to attach to any spherical system S = (S p , E, A) 
of G, a set of linearly independent characters (ojd,Xd) of T x C for 
some group C. 

2.1.1. These characters are indexed by a finite set A, the set of colors 
ofS. The set A is defined as follows (see |Lu2j ). Set 

S a = 2S n E and S b = S \ {S p U (S n E) U S a ) . 

If a and j3 are orthogonal simple roots whose sum is in E, write a ~ /3. 
Define now 

A := {D± : a e 5 n E} U {D a : a G S a U ~)} 

2.1.2. Let uj a denote the fundamental weight associated to the simple 
root a. 

Given D G A, we define (after [F]) 

E/3 w /3 if -D = and a+ )/3 = 1 

^ W/3 if D = D~ and a~ p = 1 

uo = { 2u a if D = D a with 2a G E 

Wq, + up if D = D a with a & S b and a ~ /3 

u a otherwise 
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Note that these weights may not be pairwise distinct: among the first 
two defined types of dominant weights, some may occur twice- but not 
more. 

2.1.3. We now introduce some additional characters xd indexed by A 
(see also |Lu2] and Lemma 3.2.1 in |Bri4] ) . 
Given D in A and a in E, define (after |Lu2j ) 

ap if £> = £>+ 

a aa if D = D a 

" L> - CT ~ S \{a, a v ) if D = D a with a G S a ' 

(cr, ct v ) otherwise 

Let be the torus whose character group is spanned freely by the 
set E of spherical roots and be the torus with character group ZA. 
Consider the morphism 



Wa / a€ 



Let C be its kernel; it is a diagonalizable group. 

Define the character \d as the restriction to C of the D-component 
character 

£d '■ (^d)dsa to- 

Lemma 12. The {ujd, Xd) 's generate freely a subgroup of the character 
group ofTxC. Further they satisfy the following equalities 

(a, 0) = ^ o-dA u d, Xd) for all a G E. 
DeA 

Proof. The lemma follows essentially from the definition of the char- 
acters (lod, Xd) along with the compatibility condition (S) of spherical 
systems. □ 

The set of characters (wd,xd) will be referred in the remainder as 
the set of weights associated to S. 

2.2. Relations with wonderful varieties. Let X be a wonderful 
G- variety. Recall the notation set up in Section [TJ 

Theorem 13 ( |Lu3] ) . Suppose G is of adjoint type, i.e. the center of G 
is trivial. The triple (Sx^x, &x) associated to a wonderful G -variety 
X is a spherical system of G. 

Conjecture 14 ( |Lu2j ). Suppose G is of adjoint type. There corre- 
sponds to any spherical system of G a unique (up to G-isomorphism) 
wonderful G-variety. 
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The set of B x iY-weights of the /d's (D e T>x) is the set associated to 
the spherical system Sx of X; see Lemma 3.2.1 and its proof in [Bri4j . 
Further, the diagonalizable subgroup G attached to Sx is the group 
H/HK 

3. Invariant Hilbert schemes 

3.1. Definition. The definitions and results stated in this section are 
taken from [ABJ except that they are formulated in a more general 
setting in loc. cit. 

Let Ai, . . . , X s be linearly independent dominant weights of G. De- 
note by A the corresponding s-tuple and by T the submonoid of A + 
generated by the Aj's. Set 

V:=V(\ 1 )®...®V(\ a ). 

Definition 15. Given a scheme S equipped with the trivial action of G, 
a family of closed G-subschemes X ofV over S is a closed G-subscheme 
of V x S such that 

(1) the projection it : X — > S is G-invariant; 

(2) the sheaf 3a := (tt^Ox)^ of Cg-modules is invertible for every 
A G r. 

With the preceding notation, the sheaf n*Ox is isomorphic (as an 
O s x G-module) to ©Aer^A ® V(X)*; see Lemma 1.2. in loc. cit. 

Theorem 16 (Theorem 1.7/Corollary 1.17 in [ABJ). The functor which 
assigns to any scheme S (endowed with the trivial action of G) the set 
of families of closed G-subschemes of V over S is representable by a 
connected affine, the invariant Hilbert scheme Hilb^. 

In particular, Hilb^ contains as closed point the horospherical G- 
variety Xq := Ao(A) given by the G-orbit closure within V of 

v x = v Xl + ... + v Xs 
where v Xi stands for a highest weight vector in V of weight A^. 

3.2. Toric action. We recall briefly how the action of the adjoint torus 
T ad := T/Z(G) on Hilb^ is defined; see Section 2.1 in |AB] for details. 

Consider a family it : X — > S of closed G-subschemes of V. Let the 
center Z{G) of G act on X x T by z.(x, t) = {z.x,z~ x t). Then 

X = (X x T)/Z(G) 

is a scheme equipped with an action of G and the morphism ir x id : 
X x T S x T descends to a morphism 

7? : X (S x T)/Z{G) = Sx T ad . 
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Moreover, we have an isomorphism of G — (9s[T a d]-modules 

tt.O* = ©AeA+(vr*C^) ( A)e A ® fc k[T ad }. 

Letting T a d act on V(A) by 

t.v = u> Q (A)(t)rt, 

one gets a G := (G x T)/Z(G)-module structure on V. Further, for 
some suitable action of G on V x T ad , the corresponding G- module 
V x T a d becomes isomorphic to (V x T)/Z(G); and 7r : — » T a d x S* 
is then a family of closed G-subscheme of V x T a d. Applying this 
construction to the universal family 7T : X umv — > Hilbf , one obtains a 
morphism of schemes 

a : T ad x Hilbf -»■ Hilbf . 

Theorem 17 (Proposition 2.1/ Theorem 2.7 in |ABj ). The morphism 
a defines an action of T a d on Hilbf . Furthermore X is the unique 
closed orbit (hence fixed point) o/T a d in Hilbf . 

3.3. Tangent space. Let / C Sym(V*) be the ideal of X C V and B 
be the coordinate ring of Xq. Denote by G° Vx the identity component 
of the isotropy group G Vx and by g Vx the isotropy Lie algebra of v\. 

Proposition 18 ([AB]). (i) The tangent space T Xo Hilbf o/Hilbf at 

X is canonically isomorphic to Hom.B {I / 1 2 , B ) G . 

(ii) There is an injection of Tx Hilbf into (V / q.v\) Gv ^. 

(iii) If Xq is normal and the boundary Xq \ G.V\ is of codimension at 
least 2 then Tx Hilbf is isomorphic to (V/g.V\) 

3.4. Invariant infinitesimal deformations. For local studies pur- 
poses (e.g. smoothness of Hilbf), we shall need to consider the functor 
Def^ o of invariant infinitesimal deformations of X : 

Bef Xo (A) = Hom(SpecA, Hilbf ) [Xo] 

where A is any local artinian fc-algebra. By Theorem [161 the functor 
Deff- is representable by the completion O mih G ^ Xo y 

3.5. Obstruction space. First let us recall (see [5]) the definition of 
the obstruction space of a covariant functor T defined on the category 
of local artinian fc-algebras. 

Let A be a local noetherian fc-algebra with residue field k. Denote 
Aa the category of local artinian A-algebras with residue field k and 
Ex\(A, k) the module of isomorphism classes of A-extensions of A by 
k. 
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Definition 19. A fc-vectorspace v (J 7 ) is called an obstruction space 
for the functor T if for every object A of A\ and every £ 6 J~(A), 
there exists a fc-linear map 

f„ : Ex A (A, fc) ->■ f (J 7 ) 

with the following property: 

ker(£„) consists of the isomorphism classes of extensions (A, ip) such 
that £ e Im[7"(i) -> 

If the obstruction space i> (J 7 ) is trivial then the functor J 7 is smooth. 

In order to give a characterization of the obstruction space of Def^ o , 
we shall recall the definition of the second cotangent module Tg of B ; 
see for instance Section 3.1.2 in [S]. 

Take a presentation of the ideal / of Xq 

^ i?-> F ^ / ^ 

where F is a finitely generated free Sym(V r *)-module. Let f\, . . . , f n 
generate the ideal / so that F = Sym(V*) n . 

Consider K C R the module of trivial relations: K is generated 
by the relations r^j = (eti, . . . , a n ) G F n with aj = —fa, aj = and 
dj = otherwise; i,j = 1, . . . ,n. We thus get the exact sequence of 
.Bo-modules 

R/K ^F®B ^ I /I 2 -»■ 0. 

Apply Homs (— , 5o) to the last exact sequence then the second 
cotangent module T§ of B is defined by the exact sequence 

Rom BQ (I/I 2 ,B ) -> Hom Bo (F<8)So,5o) -> Hom Bo B Q ) -> r| -> 0. 

The second cotangent module is independent of the presentation of I. 
For any 1 < i ^ j < s, let 

my : V"(A*)* <g> 1/(A,-)* V(Ai + Ay)* 

be the Cartan product and 

Kij = kerrriij. 

In the following, we take the following presentation oi I/I 2 as Bq — G- 
modules 

(1) R/K -> ©ijSo <g> ^ ->■ J// 2 ->■ 

Proposition 20. (i) The G -invariant space (T^ ) of the second cotan- 
gent module of X is an obstruction space for Defy . 
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(ii) There is an injection of (T§ ) G into the kernel of the map 

H 1 (g Vk ,V/g.vx) G ^ /G ^ -> ®i< i , j <sH\^Kl j ) G ^ /G h 
induced by the map of ' q v ^-modules from V/g.V\ to Q)ijK*j 

[v] i — y /^\ vl ® v \j\ where v % denotes the projection of v E V onto V(\i). 

(iii) If Xo is normal and the boundary Xq \ G.v\ is of codimension at 
least 2 then the above injection is an isomorphism. 

Proof. The proof of the first assertion is essentially the same as that 
of Proposition 3.1.12 in [5j. For convenience, we reproduce some of its 
main steps. 

Let A be a local artinian fc-algebra. Denote by Ex(A, k) the module 
of isomorphism classes of extensions of A by k. 

Let £ G Def^ o (v4). We shall assign to £ a /c-linear map £ : Ex(A, k) — > 
(Tg o ) G satisfying the property of the definition of an obstruction space. 

Let [(A, ip)] e Ex(A, k) be represented by 

ke A — ^ A 

where e 2 = 0. 

The given element £ can be regarded as a morphism X — > SpecA 
where X = SpeoB with B = Sym(V*) Cg>fc A/ J and J a G-stable ideal 
of Sym(V*)® k B. Note that B is flat over A and Sym(V*) ® k A/(J, e) = 
B . Further J is generated by elements F%, . . . ,F n such that fa — Fj 
is in the maximal ideal of A. Thanks to the flatness of B over A, for 
every r — (r 1; . . . , r n ) G B, there exist Ri, . . . , R n in Sym(V*) ® k A 
such that ri = Ri modulo the maximal ideal of A and £\ RiFi = 0. 

Send 

i 

where Fj (resp. R4) is a lifting of fa (resp. R4) through <p for i = 
l,...,n. One thus checks easily that this yields an element £ of the 
cokernel of (T§ o ) G and that £ satisfies our requirement. 

Let J\f\ be the normal sheaf of G.v \] note that K*j <g> Oq.v x is the 
dual sheaf Hom 0x ® Ox ,Ox )- The second cotangent module 
T x being supported on the singular locus of Xo, that is contained in 
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X \G.v\, we have: 




H°(X ,® id K; )j ®O X0 ) > T 2 Bo ► 

H°(G.vx, ®i,jK*j g) Og.vx) > H\G.v±Mx) > H\G.v± ® l , 3 K* J ® O g . v J 

The normal sheaf J\f\ being the G-linearized sheaf on G/G Vx associ- 
ated to the G„ A -module V/q.v\, we have: 

H\G.v k Mx) G = H\G v ^V/$.v k ) 

and similarly 

H\G.v h ® l , J K* j <g> O g . v J g = ®i< i j<.H 1 (G ViL ,K; tj ). 
From |H] , we know that 

and 

The second assertion thus follows. 

Note that the sheaf ©jjiT* • ® Cx is reflexive. Therefore, in case X Q 
is normal and the codimension of Xq \ G.v\ is at least 2, the vertical 
injection of the above diagram becomes an isomorphism whence the 
last assertion of the proposition. 

□ 

Corollary 21. If (T| o ) G is trivial then Hilb,\ is smooth at Xq. 

Proof. As recalled, if {T^ o ) G is trivial then the functor of invariant de- 
formations of X is smooth; the latter being represented by Omib% ,{x ]y 
the assertion follows. □ 

4. Geometrical construction of wonderful varieties 

4.1. Invariant Hilbert scheme attached to a spherical system. 

Throughout this section, S = (S p , E, A) denotes a spherically closed 
spherical system of G. 

Recall the definition of the diagonalizable subgroup C as well as the 
set A of weights Xd — (wd, Xd) of G x C - both canonically associated 
to S. Set 

G = G x C° and V = ® DeA V {Xd)* ■ 
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In order to keep track of the data S, let us denote the invariant 
Hilbert scheme Hilb^ rather by Hilb(iS). 

Remark 22. When the third datum of a spherical system is empty 
(i.e. none of the simple roots is a spherical root) then the monoid 
NA is saturated: the dominant weights in the integral span of NA are 
themselves elements of NA. The invariant Hilbert scheme associated to 
the group G itself and to V as a G- module is the one studied in [Jj IBClj . 
Further, it maps naturally to Hilb(<S). 

We denote in the following £(w) the length of an element w in the 
Weyl group (relative to T) of G. In particular £{w) = if and only if 
w is the identity in W. 

Theorem 23. Let 

S(A) = EU{tt + a':a,«' adjacent simple roots in £} . 
Then (for i — 0, 1) 

H\G V ^ V/g.vx) Rj ^ k wi as T ad - modules. 

If w is of length 1, the one dimensional T^-module k w ^ is spanned 
by X* <g> [wv-y] where w is the simple reflection associated to a with 
a G S\S P and 7 + a G ZA. 

Proof. See Appendix [A] □ 

Corollary 24. The tangent space at Xq of the invariant Hilbert scheme 
Hilb(5) is a multiplicity free T^-module; its T^-weights are the oppo- 
sites of the spherical roots of S. 

Proof. The corollary follows essentially from the characterization of 
the G-orbit closures of codimension 1 in X along with the preceding 
theorem. □ 

Corollary 25. The obstruction space for the functor Def^ of invari- 
ant infinitesimal deformations of X is trivial. 

Proof. We will prove the injectivity of the map displayed in the second 
assertion of Proposition [2UJ This is achieved in Appendix [B] □ 

Theorem 26. The scheme Hilb(iS) is an afflne toric variety for the 
adjoint torus of G; its weights are the opposites of the spherical roots 
of S. More specifically, it is an afflne space. 

Proof. Recall that X is the single fixed point of T ad in Hilb(iS). Corol- 
laries [21] and [25] imply that Hilb(iS) is smooth. Thanks to Lemma [T2l 
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and Theorem [T7J the scheme Hilb(iS) is affine, connected hence ir- 
reducible and in turn a toric T a d-variety which has to be an affine 
space. □ 

4.2. The wonderful variety attached to a spherical system. De- 
note r the number of spherical roots of S and let Xi be the closed point 
of Hilb(iS) whose T a( j-orbit is dense. In virtue of the definition of the 
weights Xd, Xi regarded as a G-subvariety, is spherical. 
Consider the universal family of Hilb(iS) 

X univ — A r . 

Then the coordinate ring R(S) of X umv c V x A r is isomorphic as a 
G x T a d-algebra to 

R{S) = ®xeNAk[X 1 ] x e x ® k[e a : a G S]; 

see the recalls made in Section 13.21 Here e A with A G NA stands for 
the character in k[T] whenever A = (u,x)- 
The G x T-variety X nmv is thus spherical. 

Proposition 27. (i) The set of spherical roots of the G x T-variety 
X umv coincides with the set E. 

(ii) The colors of X umv are indexed by the set A. 

Proof. By Theorem 1.3 in [K] along with Proposition 2.13 in [A TI] and 
Theorem [23], the spherical roots of X umv are exactly the elements of 
the given set S. 

The set colors of an affine spherical variety is entirely determined by 
the spherical roots and the weight monoid of this variety; see Lemma 
10.1 in |Ca] and Subsection in |Lu3] , or Theorem 1.2 and its proof 
in |Lo] , for a proof of this fact and how to determine the colors. More 
specifically, the colors of X umv are given by equations fr>, D G A, which 
are B x C° x T- weight vectors of weight (X d ,ojd); the second assertion 
follows. □ 

Let X umv be the open subset of X nn " defined as follows 

X univ = {xe X univ : G.x is open in it'^x)}. 

The closed subset X \ X umv is of codimension at least 2. 

Lemma 28. (i) The elements ofX umv are the elements ofX umv C Vx 
A r which project non-trivially onto each simple G-submodule V(Xd)* 
ofV. 

(ii) We have: X UQ " = G.(A' univ \ U A D). 
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Proof. The first assertion of the lemma follows readily from the defini- 
tion of Hilb (S). 

Let fr> be the equation in R(S) of a color D G A. From the comment 
at the end of the proof of the previous statement, fjj can be identified 
to the weight vector v\ D e Xo Cg> 1 in R(S). Take y = (v,s) G V x A r . 
If 7^ then clearly v\ D (v) ^ 0. Conversely, if y projects non- 

trivially onto each V(Xd)* then there exists g G G such that the sup- 
port of g.v contains all the dominant weights A^ and in turn v\ D (g.v) ^ 
for each D G A. The second assertion of the lemma follows. □ 

Recall that the dominant weights A^> are linearly independent (see 
Lemma [TJ). Let G^ be the torus GL(V) G . Then the T ad x C-action 
on V via t i-> (A^)(t)) yields naturally a G^-action on V: the compo- 
nentwise multiplication. Note that the open set X nmv is G^-stable. 

Theorem 29. The G-varie tyX(S) = X mW /G* is wonderful Further 
its spherical system is S and its total coordinate ring is R(S) . 

Proof. From the first assertion of Lemma EU we have a morphism 

i univ — ^ ® D eAV(x D y \ {o}. 

From our previous observations, we know that the color D is contained 
in the inverse image of if of the hyperplane (/d = 0). The G x G^- 
variety X umv is thus toroidal and so is X umv /G^ as a G- variety. 

Furthermore, together with the second assertion of Lemma [281 it 
follows that there exists an affine toric T x G^-variety W such that 
p^umv j g p_ e q U ivariantly isomorphic to P u x W where P is the parabolic 
subgroup of G stabilizing the colors D in A. 

Considering the universal family n of Hilb (S), we get that the quo- 
tient W/T is isomorphic to A' r and in turn that the G x G,^-stable 
prime divisors of X umv are principal; their equations are given by the 
e°"'s with a G S. 

Finally the divisor class group of X nmv being generated by the colors 
and the G x G^-stable prime divisors of X umv , we get that X umv is 
factorial and so is W. The affine variety W being toroidal and factorial, 
it is smooth and so is Af umv /G^. 

The G- variety Af umv /G^ is thus complete, spherical, toroidal and 
smooth G- variety and has a unique closed G-orbit, namely X /G^. 
Equivalently, X univ /&^ is G-wonderful. 

The two last assertions of the theorem follow from Proposition [27] as 
well as the definition of the spherical system of X recalled in Section [1] 
and that of R(X) (when forgetting the C°-module structure of R(S)). 

□ 
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Corollary 30. Luna's conjecture is true: to any spherical system S 
of an adjoint reductive algebraic group G, there corresponds a unique 
(up to G -isomorphism) wonderful G -variety which has S as spherical 
system. 

Proof. It suffices to consider spherical systems which are spherically 
closed; see Section 6 in |Lu3j . The existence part is given by the 
previous theorem. The proof of the uniqueness is conducted as follows. 

Let X be a wonderful G- variety, T>x be its set of colors and ujd 
be the B- weight of a color D. The variety X coincides with the nor- 
malization (in the function field of X) of some G-orbit closure within 
]7a p (V(wd)*); see Section 4.4 in [Brli] . Further, H°(X, O x {D )) is e i- 
ther isomorphic as a G-module to V{ujd) or V(ujj) © V(0) (see [Bri2j ). 
Consider the corresponding finite morphism 

X ► n D ev x W(H (X,O x (D))*). 

Let X be the affine multicone over X with respect to this morphism, 
i.e. 

X = SpecR(X) 

where R{X) is the total coordinate ring of X. 

Thanks to Theorem [26] together with the recalls made in Subsec- 
tion ll.2l the quotient morphism 7r : X — > Spec(i?(X) G ) is the universal 
family of the invariant Hilbert scheme Hilb(iSx), Sx being the spherical 
system of X. 

This implies that if X and X' are wonderful G-varieties which have 
the same spherical system then K and K' are isomorphic; recall the def- 
inition and the properties of the subgroup K (and K') from Section [TJ 
And, since H/K and H' /K' are isomorphic so are the subgroups H 
and H' . In turn, X and X' are isomorphic thanks to the uniqueness of 
the wonderful compactification. □ 

Appendix A. Computations of cohomology groups 

As in the text body, G is a simply connected semisimple algebraic 
group, T an algebraic torus contained in a Borel subgroup B of G. 
The associated set of simple roots of G (resp. of dominant weights) is 
denoted S (resp. A + ). Let Z{G) be the center of C7, the adjoint torus 
T/Z{G) is denoted T a d. 

Let q = © aG $g a be the decomposition of the Lie algebra of G into 
root spaces. We denote by X a a non-zero vector of the root space 
Q a . The Lie algebra of the Levi subgroup containing T associated to a 
subset S' of S is denoted by 0(5"). 
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Given a finite dimensional G-module, a weight vector (resp. a weight 
space) in V of weight /i (/i a character of T) is denoted (resp. V^). 
Let 

V = ®t=iV(\) 

be the decomposition of V into irreducible G-modules. In particular, 
every Aj (i — 1, . . . , r) is an highest weight of V. We set 

= «Ai + • • • + v\ a . 

We consider in the following the normalized action of the adjoint 
torus T ad of G on V, that is the action of T ad naturally induced by 
setting 

*.u = (A i )(*)r 1 .u iiveV(Xi). 

In the following, we fix a spherical system S = (S p , S, A) and we 
denote (by abuse of notation) A also the set of weights = (ojd, Xd) 
(D G A) associated to S. Let G = G x C°. Unless otherwise stated, 
V is a G-module whose highest weights are the Xp. 

A.l. Properties of the weights attached to a spherical system. 

Lemma 31. The dominants weights ud (D E A) associated to a spher- 
ical system satisfies the following properties 

(1) (A, a v ) < 2 for all A e A and all a in S; 

(2) if (A, a v ) = 2 toen A = 2w a and (A', a) = /or a// A' ^ A G A; 

(3) if(X, a). (A, a') 7^ i/ien t/iere ea;isfo A' G A such that (A', a). (A', a') = 

0; 

(4) if(X, a). (A', a) 7^ i/ien i/iere eoxste a' & S such that (A, a') 7^ 
and (A', a') = 0. 

Proof The lemma follows readily from the definition of A along with 
the axioms defining the spherical systems. □ 

Lemma 32. Let a, a' , 5 and 5' be pairwise simple roots not in S p . 
Suppose that (a,a')(5,5 f ) 7^ and (5, a) = 0. If A contains more than 
two elements then one of its elements is orthogonal to a + a' . 

Proof. Suppose first that a and a' are not in E. If (A, a + a') 7^ for 
all A G T then S\S P consists of the four given simple roots and in turn 
A is of cardinality 2 - a contradiction. 

To be definite, let a be in E. We proceed again by contradiction. 
We thus obtain that 5 and 5' are also in E. One thus concludes by 
applying Axiom A3. □ 



WONDERFUL VARIETIES: A GEOMETRICAL REALIZATION 21 



A. 2. Auxiliary lemmas. For convenience, we shall recall the follow- 
ing statements from [BClj . 

Lemma 33. (" [BClt Proposition 3.4] j Let V be a finite dimensional G- 
module of G. Suppose the highest weights ofV are linearly independent 
and generate a monoid T such that Zm A + = T. Let 7 be a T^-weight 
vector of {V/q.vx) ^- If 5 is a simple root in the support 0/7 such that 
7 — 5 is not a root then (7, 5) > 0. Further if 7 and 5 are orthogonal 
then 5 is orthogonal to all the Aj 's. 

Remark 34. We will generalize the above statement in Proposition 1371 

Lemma 35. ( |BClj ) Keep the assumptions of the preceding lemma. 

(i) The T ad -module {V/q. multiplicity-free and its T^-weights 
are non-loose spherical roots of G. 

G 

(ii) Let [v] be a T ad -weight vector of (V/g.v\) v ±. Then one of the 
representatives v G V of [v] can be taken as follows 

[v] G (y(\)/g.vx) Gvx or v = X^v x 
where A is one of the given dominant weights Aj. The second case 

G 

occurs only when (V(A)/g. Vx) A is trivial. 

Lemma 36. Let 7 be a spherical root of G. Suppose 7 is neither a loose 
spherical root nor a simple root of G and consider S p such that (S p , 7) 
is compatible. Then 7 is a T a d-weight vector of (V/g.vx) v - where V 
is the G -module whose highest weights are the dominant weights un 
associated to the spherical system (S p , {7},0). 

Proof. The lemma is essentially due to Proposition in [J]. □ 
The following proposition is the announced generalization of Lemmal3"3"l 

Proposition 37. Take a T^-weight vector [t> 7 ] G V/g.vx of weight 7. 
Let a, 5 be orthogonal simple roots with 5 in the support 0/7. Suppose 
that 7 — 5 is not a root and that 

[Xpv^] = for all ^ a. 

Then (7, 5) is positive. Moreover, if 7 is orthogonal to 5 then so are 
the dominant weights X in A. 

Proof. Remark that 7 is a sum of two positive roots. Since 7 — 5 is not 
a root, there exists a simple root, say 5', adjacent to 5 which lies in the 
support of 7. 

We proceed by contradiction: Suppose (7, 5) < and there exists a 
dominant weight A which is not orthogonal to 5. 
Let (3 be a simple root of G such that (7, (3) > 0. 
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Assume first that (3 is distinct to a. Then by assumption Xpv 1 G 
Q.v\. Since (A — 7, (3) < for all A G A, we can assume that v 7 G 
®\V(\) with A non-orthogonal to 0. 

If X u v 1 is not trivial for some simple root v distinct to a then v 7^ 5 
and (X,5).(X, (3) 7^ 0. Thanks to the third item of Lemma I3TI 5 + /3 
is of type Ai x Ai; the roots S, (3 and 5' are pairwise distinct and in 
turn 5' is not in S p . As a consequence, A^w 7 has to be trivial for every 
simple root v distinct to a. Moreover, since 7 is assumed not to be 
a multiple of a, there exists a simple root a' adjacent to a such that 
A Q+Q ,/f 7 is not trivial. In particular, a lies in the support of 7 and the 
latter is of cardinality at least 4. Finally X a+a iv 1 G g.v \ \ {0} yields a 
contradiction. 

Assume now that (7, (3) < for every simple root [3 distinct to a. If 
Xpv 7 is not trivial for such a simple root /3 then 7 — /3 is a root and 
so is 7. Furthermore, (7, a + a') > for some simple root a' adjacent 
to a. Similarly as before, we can assume that v 1 G ©a^(A) for A non- 
orthogonal to a + a'. It follows that if X v v 1 is not trivial for some 
simple root v distinct to a then (A, 5). (A, a + a') 7^ 0. If X u v 7 is trivial 
for every simple root v distinct to a then as before X a+a /t> 7 7^ and 
in turn 7 — a — a' is a root whence (7, a + a') > and we end up with 
the same conclusion: (A, 5). (A, a + a') 7^ 0. 

If the roots a, a', 5 and 5' are distinct, we get a contradiction by 
means of Lemma [321 We are thus left with 7 of support consisting only 
of the roots a, 5 and 5' (hence a' = 5'). Easy computations yield the 
desired contradiction. □ 

A. 3. Computations for degree 0. We denote E(A) the set of Tad- 
weights of (V/g.vxf v ±. 

Proposition 38. 

£ C E(A) C S U {a + a' : (a, a') 7^ and a, a' G S fl £} . 

Furthermore, the T^-module (V/q.v\) v ^ is multiplicity- free. 
Remark 39. This proposition does not hold in general while forgetting 
the requirement of being spherically closed for the spherical system. 
Indeed if 7 is a loose spherical root of S then 27 belongs to S(A) but 
7 itself does not; one may consider 7 as in Example [TT1 

Proof. In case of characters of T whose support does not contain any 
simple root in E, the proposition follows essentially from the auxiliary 
lemmas recalled above. Any spherical root whose support contains a 
spherical root a is either a itself or of shape a+a' where a is orthogonal 
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to a + a' and a' is a simple root adjacent to a but not in E. Both a 
and a + a' are obviously in E(A) when they are spherical roots of S. 

The rest of the proof follows from Proposition HO] below. □ 
Proposition 40. Suppose S is a spherically closed spherical system 
of G. Let 7 be a T ad -weight in E(A) whose support contains a simple 
root a in E. Then j is a root and it is equal to a or a + a' with a' a 
simple root. In the latter case, either 7 or a' belongs to E. 

Proof. Note that (a + a', 0) is in the integral span of the Ad's if and 
only if either a and a' are both in E or a + a' is in E. The latter 
assertion of the proposition follows. 

In order to prove the first assertion of the proposition, we shall pro- 
ceed as follows. Note first that a is clearly in E(A). When 7 is not 
equal to a, we shall prove in the following lemmas that 7,7 — a and 
7 — a' are roots (a' being one of the simple roots adjacent to a) . □ 

In the following lemmas, 7 and a are distinct weights in E(A) with 
a lying in the support of 7. 

Lemma 41. The character 7 — a is a root. 

Proof. Let us proceed by contradiction: suppose 7 — a is not a root. 
Since X a v^ has to lie in Q.v\, the vector X a v 1 is trivial in V. More- 
over, by Proposition EH (7, a) is strictly positive. Consequently, the 
representative v 1 thus lies in V(X^) © V(\~) where and A~ are the 
dominant weights among the w_d's which are not orthogonal to a. Since 
the vector t> 7 can not be dominant, there exists a simple root 5 in the 
support of 7 such that the vector X$v is not trivial in V. It follows 
that the weight 7 — 5 is a root. Thanks to Lemma [31] 7 is thus equal 
to a + S hence 7 has to be a root: a contradiction with 7 — a non-being 
a root and (7, a) > 0. □ 

Lemma 42. // the weight 7 is not a root then the vector X a u 7 is not 
trivial in V. 

Proof. Thanks to Lemma HTJ (7 — a, a v ) is positive hence (7, a) is 
strictly positive. By the same arguments as those used in the proof of 
Lemma HU we get a contradiction whenever X a v 7 is trivial in V. □ 

Lemma 43. The supports of a and 7 — a are not orthogonal. 

Proof. Let us proceed by contradiction. Then the weight vector v 1 can 
be written as X_ a t> 7 _ a where f 7 _ Q is a weight vector of T ad -weight 
7 — a. In particular, X a v is not trivial in V . By means of Lemma EU 
we get a contradiction. □ 
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Lemma 44. There exists a simple root a' adjacent to a such that the 
character 7 — a' is a root. In particular, a' lies in the support of 'j. 

Proof. Note first that by the previous lemma, the support of 7 contains 
a simple root a' adjacent to a. One of the dominant weights ojd is thus 
non-orthogonal to a' since so is a. Let us proceed by contradiction: 
suppose 7 — a' is not a root. Then X a >v is trivial in V and (7, a') is 
strictly positive by Proposition It follows that 7 is not a root. 

Thanks to the previous lemmas, a' is not a weight in S(A) hence it 
is not a spherical root in E. Recalling that 7 is in the integral span 
of the weights u>d, we get that (cjd — 7, «') is negative for every D. 
But since X a >v is trivial in V, the representative of v 1 can be taken in 
the module V(ojd) associated to the (single) dominant weight which is 
not orthogonal to a'. Since X a v is not trivial in V by Lemma H2J the 
support of 7 — a does not contain the root a. Together with the fact 
that a' belongs to the support of 7, we get that(7 — a, a) is strictly 
negative. It follows that 7 is a root since so is 7 — a by Lemma |4TJ a 
contradiction. □ 

Lemma 45. The weight 7 is a root. 

Proof. We first claim: Let a and a' be non-orthogonal pairwise simple 
roots and 5 an arbitrary root. If 5 + a is not a root then neither is 
5 + a — a'. Apply the claim to 5 := 7 — a which is a root as previously 
proved. We get that if 7 is not a root then neither is 7—0' for any simple 
root a' adjacent to a. This yields a contradiction with Lemma HH □ 

A. 4. Computations for degree 1. Recall that the set S(A) is de- 
fined as the set of T a( j-weights of (V/g.Vx) "A. Further, let S p be the 
set of simple roots of G orthogonal to J2a 

Theorem 46. 

^(Gv^V/q.vx) ~ (J) fc Sa * 7 as T ^-modules. 

«G5\5P,7GS(A) 

The one dimensional T^-module k w ^ is spanned by X* <g> [s a v 7 ]. 

The proof of this theorem requires the following proposition. 

Proposition 47. Let ip be a non-zero T^-uieight vector in H 1 (g Vx , V/g.v\). 
Then 

X p <f(X a ) = 

for every simple root a and every root /3 7^ a of the isotropy Lie algebra 

Remark 48. The vanishing condition fulfilled by the vector ip(X a ) is 
that stated in Proposition [23 
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Proof of Theorem 1461 The proof follows essentially from Proposi- 
tion H7J together with the isomorphism 



H\G Vx ,V/g.v£ « (H\g Vx ,V/g.v k )) 



Gv x /GZ x 



Let 7 be the T ad -weight of f(X a ) and denote by w 7 a representative of 
(f(X a ) in V/g.vx- 

We shall thus assume in the remainder of the proof that a does 
belong to the support of the T ad -weight 7 and that t> 7 is not equal to 
X r _ a v\ i - in which case the proposition is obvious. We shall proceed 
along the type of the support of 7. Let us work out a few cases in 
detail. The main ingredients of the proof are Proposition [37] and H7J 
along with the properties enjoyed by the dominant weights in A (see 
section lA.il) . As a consequence of Proposition H71 the weight 7 can be 



written as a sum of two positive roots, say fli and /3 2 . 

Consider first the case where the supports of the roots f3\ and /3 2 are 
orthogonal. Thanks to Proposition E7J the roots f3\ and /3 2 have to be 
simple. In virtue of Lemma I3~iT there is a single dominant weight, say A, 
which is neither orthogonal to Pi nor to /3 2 . Thanks to Proposition |4"7[ 
7 GS(A). 

Suppose now that the support of 7 is of type A n . If 7 is not a 
root, Proposition 1371 and H7J yield: 7 = a^i + 2ai + c^+i with a = cti 
and all the dominant weights A& are orthogonal to both and c^+i. 
Clearly, we thus have: [v y ] G (V/g.v \) Gv -. If 7 is now a root then one 
gets: 7 = a* + . . . + otj and a = ctj (or a<j) by Proposition [37J Since 
(7, otj) > 0, applying the above remark to ay, we get that either 7 or 
7 — a belongs to S(A). 

In case of type B„, we obtain similarly as before that 7 = . . + a n 
or 7 = 2(a-j + . . .+a„) whenever a lies in the support of 7. Note that the 
same arguments as for the case of a root 7 of type A can be applied. 
Suppose thus 7 is the weight 2(a« + . . . + a n ). Then by the above 
remark along with Proposition [37J and H7J we get: a = c^. Moreover all 
simple roots, except a, and a i+ i, in the support of 7 are orthogonal to 
the weights in A. Remark that cti+i can not be orthogonal to S p by 
Whitehead lemma. From Lemma EH we deduce that the fundamental 
weight attached to a-j (resp. a i+ i) is the unique weight in A non- 
orthogonal to ati (resp. It follows that 7 — 2a is a weight in 
E(A). 

The other types can be conducted similarly. 



A.4.1. Proof of Proposition \47\ 
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Theorem 49 (Kostant). 

H 1 ^^, V(X)) = © a Cl* <g) v SaX as T^-modules 

where v Sa \ is a non-zero weight vector in V(X) of weight s a X, a a simple 
root non- orthogonal to X and s a being the simple reflection associated 
to a. 

Let <p be a non-zero T ad - weight vector in H 1 (g Vx , V/q. Vx ). Then there 
exist a simple root a and a T ad - weight vector [t> 7 ] in V/g.v\ such that 
<p (X a ) = [v y ] 7^ and one can write ip as 

(2) <p= Yl X l®^A 

Consider the short exact sequence of q Vx -modules 

(3) — )• g.vx — )> V — )• V/ .t; A — > 

and the associated long exact sequence in cohomology. 

In order to prove Proposition H7] we shall study separately the fol- 
lowing situations regarding the simple roots which lie in the support 
of 7: (7, j3) < 0; when 7 — (3 is a root, we work out first the case when 
a and (3 are orthogonal and then the case where they are not; finally, 
we consider the roots (3 such that 7 — f3 is not a root and (7, (3) > 0. 

Before dealing with different situations, note that the following lemma 
holds in general. 

Lemma 50. Assume that for any weight 4>{a, (3) distinct to a in the 
integral span of a and (3, 7 — (f)(a, (3) is not a root. Then ip maps 
trivially in H 2 (g Vx , g.v \). 

A. 4. 2. (7, 0) < 0. Throughout this section, (3 lies in the support of 7 
and is such that (7, (3) < 0. 

Lemma 51. The weight 7 — /3 is not a root except ifj = 3«i + 2a 2 is 
a root of type G2. 

Proof. Note that if 7 — /3 was a root then (7, (3) would be positive - a 
contradiction except if 7 is as in the lemma. □ 

Corollary 52. If a and (3 are orthogonal then Xpip{X a ) is trivial. 

Lemma 53. Suppose 7 — a — (3 is a root. 

(1) The weight 7 — a is a root. 

(2) (/3,a v ) = -l. 

(3) The weight 7 is one of the following: 

(i) 7 = (3 + 3a + 2(a + + . . . + a n _i + a n ) in type C n ; 
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(ii) 7 = . . . + a~ + 2a + f3 with (3 = a n in type B n ; 

(iii) 7 = . . . + (3~ + 2(3 + 2a with a = a n in type C n ; 

(iv) 7 = (3 + 2a with a = a n in type C n . 

Proof. The first assertion follows from the inequality: (7— a— (3, 0) < 
- except possibly in type G 2 . 

The weight 7 — a being a root, we have (7 — a, (3 y ) > and in turn 
< (7 — a,(3 v ) < 2, i.e. (7 — a,(3 v ) = or 1. The lemma follows 
readily. □ 

Lemma 54. Let 7 — 2a — (3 and 2a + (3 be roots. Then the root 
7 — 2a — f3 is one of the following: . . . + f3~ or . . . + f3~ + (3 + 2a of type 
B n ; . . . + a~ + a of type C„; 1242, 1121, 1122 in type F 4 ; a± or 3a\ + a% 
in type G2. 

Proof. One review all possible roots 7 — 2a— (3 satisfying all our require- 
ments (in particular, 7 is a sum of two positive roots, (7, 0) < 0). □ 

Lemma 55. // 7 = (3 + 2a then 2a is a spherical root in S. Further 
any T^-weightvector X* ® f 7 is not fixed by G Vx /(G Vx )° . 

Proof of Proposition H3 In virtue of Lemma 1551 (f can not be of weight 
(3 + 3a. We thus assume in the remainder that 7 is distinct to f3 + 2a. 

Thanks to Lemma [501 we can assume there exists <p(a, (3) in the 
integral span of a and (3 such that 7 — (3) is a root; otherwise the 
proposition is already proved. Considering the long exact sequence of 
cohomology associated to ([3]), <p(a, (3) is either a root or a sum of shape 
—a + 5 + 5' with 5 and 5' being positive roots in (3). 

Note that (7 — aa — bf3, (3 V ) < for any positive integers a and b with 
a < b. Along with Lemma EH (not G2 type with 7 e $!), it follows 
that the weight cf>(a, (3) has to be a + (3 or 2a + (3; the latter weight 
occurs only in case (/3, ct v ) = —2. 

Suppose first that 7 — a — (3 is a root. A glance at the weight of <p(Xp) 
(see Lemma 153]) shows that this vector is trivial: this weight should be 
equal to 7 + a — (3 and should fulfill the required property. Further, 
since 2a + (3 is not a root, <p([X a , X a+/3 ]) = XaXpipi^Xa) — X a+/3 ip(X a ) 
is trivial. We shall prove that there is a representative of <f(X a ) such 
that <f([X a , X a+ p\) is trivial in V. 

Suppose Xp{p(X a ) is not trivial. Then considering again the weights 
7 listed in Lemma [531 we see that a representative v^p of Xf3ip(X a ) 
can be taken to be in V(\)\- 1+ p where A is not orthogonal to a. The 
support of 7 — (3 contains a simple root a' adjacent to a such that 
(7, a') and (a, a') differ. From Lemma EH we deduce that whatever 
Xpip(X a ) is, the vector A Q t> 7 „ /3 does not lie in q.v\ \ {0}. 
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Consequently, if XpX a v 7 is not trivial (in V) then the A-component 
of Xa+pv-f equals up to a scalar to X_ 7+Q , +/3 t> A for A orthogonal to a. 
Since (7, a + j3) > 0, there exists a representative of <p(X a ) whose A- 
component is trivial for every dominant weight A orthogonal to a + /3. 
Note that such a dominant weight A exists under the assumption that 
7 is distinct to f3 + 2a. 

Let now 7 — a — not be a root. As mentioned above, the weight 
7 — 2a — (3 has to be a root and so has 2a + (3. We proceed similarly 
as above while considering instead [v] = X a ip(X 2a+ p) — X 2a+/3 (p(X a ) - 
which is obviously trivial because of the cocycle property. 

Assume <p(X 2a+ p) is not trivial. A glance at its weight 7' = 7 — 
a — (3 (see Lemma [511) shows that the representative ty of cp(X a ) in 
©a^(A)a- 7 ' projects trivially onto V(A) if A is orthogonal to a. For 
such a i>y, X a vy does not lie in g.v\ \ {0}. If X a vy — X 2a+ pv 1 is not 
trivial in V for some representative u 7 of <p(X a ) then any A-component 
of X 2a +pv 7 has to be non-trivial whenever A is orthogonal to a. Further, 
X 2a+ p.v* = X_ 1+2a+ fjV\. Since (A — 7, 2a + (3) < for A orthogonal 
to both a and (3 (existence!), there exists a representative of <p(X a ) 
whose A-components are trivial for A orthogonal to a and f3. It follows 
that the corresponding representative of [v] is trivial in V whence the 
proposition. 

A. 4. 3. 7 — (3 is a root and (a, (3) = 0. First observe that Xp(p(X a ) is 
trivial whenever so is <p(Xp) (thanks to the cocycle property). We shall 
thus suppose in the remainder of this section that ip(Xp) is not trivial; 
let 7' be its T a( j- weight. Recall that 7' = 7 + a — (3. 

AAA. (7, a) < 0. 

Lemma 56. Assume there exists a simple root 5 in the support of 7 
such that ip restricted onto the Lie algebra spanned by a and 5 is har- 
monic. Then 7 is orthogonal to a and there exists a representative t> 7 of 
<p(X a ) such that the X-component of is trivial for A non- orthogonal 
to a. 

Let vy be a representative of (p{Xp) in (BV(X)\-y. Suppose the 
assumptions of the lemma right above are satisfied. If Xgt> 7 — X a v*, 
is not trivial (in V) then neither is the A-component of X a v*, for any 
dominant weight A non-orthogonal to a. More precisely, we have 

X a v Y = X_ 7+/3 f A for (A, a) ^ 0. 

We thus claim that there exists a dominant weight A' in A which is 
not orthogonal to a but orthogonal to f3. This is due essentially to the 
fact that a + (3 is not a spherical root in S. Since (7', a) > 0, there 
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exists a representative ty whose A'-component is trivial. The lemma 
follows in the case under consideration. 

Assume now that we are not in the setting of the lemma right above. 
Since the simple roots a and (3 are assumed to be orthogonal and both 
lie in the support of 7, at least one of the adjacent roots, say P~ should 
belong also to the support of 7. 

Claim 57. If 7 — P and 7 — /3~ are roots then so is 7. 

Assume first that 7 is not a root then thanks to this first claim, 
neither 7 — f3~ nor 7 — a is a root. The latter is due to the fact that 
(7 — a, a) is strictly negative (recall that (7, a) < by assumption). 

Claim 58. If 7 — a — f3~ is a root then (/3",a v ) = —2. Further 

7 = (3 + 2/3" + a. 

The second claim is due to the inequality (7 — a — f3~, a) > which 
holds since 7 — f3~ is not a root. 

Assume thus now that 7 is a root. Recall that (7, a) < 0, 7 — /3 is 
a root and 7 does not satisfy .the conditions of the above lemma. One 
obtains a few roots 7 and can conclude as before. 

A. 4. 5. (7, a) > 0. If (7', pi) is negative then as previously proved, 
X a (p(Xp) is trivial and so is Xpip(X a ) (by cocyclicity). Let us thus as- 
sume that (7',/?) is strictly positive i.e. (7 — p,P) > since (ct,P) = 0. 
The weight 7 — P being a root, we have either (7 — P, /3 V ) = 1 or 
2 whenever not of type G2. One can thus list the very few possible 
roots 7-/3. Let us work out explicitly the type C n ; we have either 
7 - p = a + . . . + 2(p + . . .) + a n or 7 - p = p + . . . + 2(a + . . .) + a n =. 
Consider the first weight 7. Note that is not trivial only if A G A is 
not orthogonal to P and distinct to the fundamental weight associated 
to p. 

Claim 59. There exists a dominant weight A in A which is orthogonal 
to both a and P but not 7. 

It follows that X a Vy equals (up to a non-trivial scalar) X_ 7+/3 f A . 
Recall that (7', P) > 0; we thus conclude as before. 

Consider now the second possible weight 7 of type C n . Then 7' = 
7 + a + p = 2a + . . . + 2{p + . . .) + a n and ^ only if (A, a) ^ 0. 
We conclude as previously. 

A. 4. 6. 7 — P is a root with (a, P) 7^ 0. 

Lemma 60. Under the assumptions of the subsection, we have (7, a) > 
unless 7 = a n _2 + + ct n of type C n . 
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Proof. Let us proceed by contradiction. 

Suppose first that (y—/3, a v ) is strictly positive. Then (/3, a v ) equals 
—2 or —3 and 7 — /? — a has to be a root. In type B n , the simple root a n 
has to be a itself and (7 — /?, a) being strictly positive, it has to be equal 
to 2 and in turn (7, a) = -whence a contradiction. Similarly, in type 
C n , we get as possibilities for 7 the weights 71 = a% + . . . + 2a n -\ + a n 
with i < n — 1 and /3 = a n and 72 = . . . + a n -2 + + ot n . Note that 
71 — 4>(a, cn) is not a root for any weight in the Z-span of a and c^. 
Together with Lemma loTH this yields a contradiction with (7, a) being 
strictly negative. And similarly, we are left with 7 = a n _2 + ®. n -\ + Qt re . 
We handle the type F 4 by analogous arguments. 

Suppose now that (7 — (3, a) is negative. Assume further the sup- 
port of 7 contains a simple root 5 which is orthogonal to a. Then by 
Proposition [371 the weight 7 — 5 has to be a root. 

Claim 61. The weight 7 is a root and 7 = + 5. 

Indeed, if a belongs to the support of 7 then 7 is not a root and 
neither is 7 — 5. Therefore the simple root a does not belong to the 
support of 7 and the claim follows from Lemma 1.8. 

Finally assume that there is no root orthogonal to a in the support 
of 7. It follows that a does belong to the support of 7 whenever 7 is 
distinct to 2/3. 

Claim 62. The weight 7 — is one of the roots a + /3, 2(3 + a, 2a~ + a 

or a~ + a + (3. 

To obtain the above claim, we list the possible roots 7 — (3 such that 
there is no simple root 5 orthogonal to a in the support of 7. 

□ 

Note that 7 — a — (3 is a root since (7 — (3, a) = (7, a) — (a, (3) > 0. 

If (Y,/3) > Othen ( 7 -/3,/3 v ) > -(a,/3 v ) and in turn ( 7 -/3,/3 v ) > 2 
whence a contradiction with 7 — a — (3 being a root. It follows that 
(7', (3) < 0. Then (y—/3, (3) < —(a, (3 y ) and listing the possible weights, 
one may conclude as before. 

A. 4. 7. 7 — (3 is not a root and (7,/?) > 0. Remark that if Xp(p(X a ) 
is not trivial then (by Lemma loTIj) . the simple roots a and (3 are not 
orthogonal and in turn, one of the weights 7 — a — (3 and 7 — 2a — (3 
has to be a root. Note that the latter may occur only in case 2a + f3 is 
a root. 

Suppose first that 7 — a — f3 is a root. 
Claim 63. <p(Xp) is trivial. 
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If « v ) = -1 then (7, a) > and = <p([X a , X a+ p}) = XpX a <p{X a ) 
If there exists a representative t> 7 such that XpX a v 1 is trivial (in V) 
then the lemma is proved. Let thus XpX a y 1 be non-trivial then it 
equals to X_^ +a+/3 v\. Note that whenever A is orthogonal to (3 (ex- 
ists!!!), we have (A— 7+a, (3) < in the case under study. It follows that 
pV\ for A orthogonal to (recall that X a v 1 may 
be assumed to be non-trivial otherwise the lemma is already proved). 

Claim 64. There exists a dominant weight in A which is orthogonal 
to a + 0. 

Since (7, a) > 0, we can deduce the existence of a representative v 1 
whose A-components are trivial when A is orthogonal to a + /?. The 
lemma follows by the same arguments as before. 

Suppose now that (/3, a v ) = — 2(and 7 — 2a — (3 may be a root). The 
possible weights can be explicitly listed. 

Appendix B. Injectivity 
Proposition 65. The map 

f : H\ Qv „V/Q.v£ -> H\q v ,,S 2 V/V(2\)) 

is injective. 

Proof. Let ip be a T ad - weight vector in H 1 (g Vx , V/g.v\). By Proposi- 
tion HH1 there exist a simple and 7 G S(A) such that if = X* £g> [v Sa7 \. 

It is thus enough to prove that there exists v Sal ■ v Xi non-trivial in 
S 2 V/V(2X) for which there is no v G S 2 V/V(2X) such that v Sal -v Xi = 
X a v in S 2 V/V{2\). 

Note that this assertion holds whenever 

(4) X_ a (v Sa , -v Xi )=0 in S 2 V/V(2X) 
or 

(5) X«v SaJ ^0mV for a= (A i; « v ). 

Let us consider first X_ a (y Sal -v Xi ). Note that by definition of r, we 
have: X_ a v Sal = in V. We thus have 

X„ a (w Sa7 • v Xi ) = v Sal ■ X_ a v Xi . 

When A, is orthogonal to a, assertion (j4]) to be proved is thus clear. 

Suppose that Aj is not orthogonal to a. If (A«,7) 7^ 0, we have 
(7, a) > by Proposition [371 We shall prove assertion ([5]) considering 
the cases where = and (Aj,7) 7^ separately; this is done in 

the next lemmas. □ 
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Lemma 66. Let (p(X a ) = X^ a t> Aj for some Xj. Then Assertion 
holds with Aj = Xj. 

Proof. Note that r = (Aj,a v ). Hence if r > 1 then X r _ a vx j .v\ :j ^ 
and Assertion (jSJ) is clear. If r = 1 then there exists Aj ^ Xj which is 
not orthogonal to a. Thanks to Lemma [311 (A--. a v ) = 1, Assertion fl5]) 
follows with that chosen Aj. □ 

Lemma 67. Let v Sal ■ v Xi ± in S 2 V/V(2X) with 7 G £(A). If Aj is 
orthogonal to 7 then Assertion (TJP holds. 

Proof. Note first that the support of 7 does not contain a. Indeed Aj 
being orthogonal to 7 it can not be orthogonal to a otherwise f Sa * 7 •v\ i 
will be 0. Hence (7, a v ) < and further X a t> 7 = in V. It follows in 
turn that v Sal = X r _ a v 1 with r = (A — 7, a v ) and t> 7 G V(A). Further, 
since v Sa ^.v Xl ^ and (Aj,7) = 0, we have: v Sal ^ v T 

The weight A being non-orthogonal to 7, it is different from Aj. 

Assume that (7, a) = then since a does not belong to the support 
of 7, it has to be orthogonal to every simple root lying in the support 
of 7. Let 6 be a simple root 5 in the support of 7 such that X,5i> 7 7^ 
in V. Considering X$ip(X a ) along with (A, a), one ends up with a 
contradiction. 

We deduce that (7, a) < 0. Thanks to Proposition [33 Aj is the 
single weight among the Aj's which is not orthogonal to a. Recall that 
7 belongs to ZA. It follows that r = (A — 7, ct v ) > (Aj, ct v ) whence the 
lemma. □ 

Lemma 68. Suppose (7,a v ) > 1 with 7 G S(A). Then Assertion |3P 
holds with Aj such that v 1 G V(Aj). 



Proof. If 7 = 2a, we fall in the case of Lemma [ 

By Definition[7J the weight 7 under consideration is such that (7, a v ) = 
2. Further 7 — 5 is a root with S a simple root if and only if 8 equals a. 
Hence Xgv^ = in V for all simple roots S distinct to a and a fortiori 
X a v 1 7^ in V. Moreover 7 — 2a not being a root, we have: A^t> 7 = 
in V. Since (Aj, a v ) equals 1 or 2, we have respectively v Sal equals v 7 
or X_ a Uy. The lemma follows readily. □ 

Lemma 69. Let 7 G S(A) and (7,a v ) = 1 for some simple root a. 
Then Assertion (TJJ) holds. 

Proof. Note that 7 — a is a root; see Table [7J By Proposition [37J 
there exists a unique A non-orthogonal to a and (A,a v ) = 1. Further 
v 1 can be chosen in V(A). If X a v 1 = in V, it follows from [J] and 
Lemma [33 that [f 7 ] = [X_ 7 t> A ] = [X„ 7 t> A J for some Aj 7^ A and such 
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that (Ay, 7 — a) 7^ 0. In particular X a t> 7 7^ in V for t> 7 = X_ 7 t>A r 
Then t> 7 can be chosen such that t> 7 G V"(Afc) with Xo,t> 7 7^ in and 
Afc = A or Xj as above. Assertion (jSJ) thus holds with Aj = A. □ 

Lemma 70. Let a be a simple root not in S p . Suppose (7, a) = t/ien 
Assertion Q) or Assertion (TJP holds. 

Proof. First assume that a does not belong to the support of 7. Then 
a is orthogonal to every simple root in the support of 7. Let v 1 G V(X). 
It follows that v Sal = v 7 in V if and only if (A, a) = 0. If v 7 -V\ 7^ then 
Assertion (0J holds whenever (A, a) = 0. If w 7 -i>a = then v 1 = X_ 7 t>A 
and there exists \j 7^ A such that and 7^ v 7 • t> \ j — V\ • X„ 7 t> Aj whence 
Assertion Q whenever (A, a) = 0. Let now (A, a) 7^ 0. Note that 
X a f 7 = in V since a does not belong to the support of 7. Then 
v Sal = X T _ a v^ with r = (A - 7,a v ) = (A,a v ). Further v Sal £ q.v x ; 
Assertion ([5]) thus holds with Aj = A . 

Assume now that a lies in the support of 7. Then by Lemma [331 
7— a has to be a root; the type F 4 is easily ruled out. More precisely 7 is 
a root of type B n or C n . Further in type B n , we can choose v 1 = A_ 7 t>A 
whereas t> 7 G V(A) \$j.t> a in type C n along with (A, a) = in both cases. 
In the first situation, v Sal = X„ 7 _ Q t>A and there exists Aj 7^ A non- 
orthogonal to 7. In type B n , we then have 7^ v Sal ■v\ i = X_ 1 _ a vx i -V\ 
whence Assertion (jlj). In type C n , Assertion (TJJ holds with \ = A. □ 

If 7 = a then clearly there exists A^ such that v^.v\ D is not trivial 
and annihilated by X_ a since X_ a .f 7 = in V and (Ad, a v ) = 1. 
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